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We study the problem of a potential interaction of a finite-dimensional Lagrangian system (an 
oscillator) with a linear infinite-dimensional one (a thermostat). In spite of the energy preservation 
and the Lagrangian (Hamiltonian) nature of the total system, under some natural assumptions the 
final dynamics of the finite-dimensional component turns out to be simple while the thermostat 
produces an effective dissipation. 
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1 Introduction 

. The problem of interaction of a finite-dimensional Hamiltonian system with an infinite-dimensional one 

always attracted attention of physicists and specialists in dynamics. In comparison with the finite- 
dimensional dynamics in spite of the energy preservation in this situation in general some effective dissi- 
pation appears. More precisely, a part of the energy can tend to be "unobservable" because of a radiation 
(existence of waves, going to infinity) and because of transformation into heat (when some L2-component 
of a solution oscillates faster and faster, and weakly tends to zero, keeping a noticeable part of the total 
energy). Note that by using the Fourier transform one can see that these two mechanisms are dual. 
J> ' The problems of this kind are complicated and usually the infinite-dimensional system has to be chosen 

^ : linear while the finite-dimensional system can be linear or nonlinear. The infinite-dimensional part can 

be a thermostat [2], a string (or more generally, the Klein-Gordon system) OH], or an electromagnetic 
field (the Maxwell equations) f5i|. 

Below we regard the infinite-dimensional system as a continual collection of independent oscillators. 
We call it a thermostat. Note that thermostat is only one of possible physical interpretations of the 
' infinite-dimensional system in our context, probably, not quite unquestionable. 

. In this paper we assume that total energy of the system is finite. Our method is based on the 

simple observation that the finite-dimensional system should oscillate in a way which does not produce 
a resonance in the thermostat. (Existence of such a resonance impHes infiniteness if the energy.) This 
' condition imposes some restrictions on the Fourier spectrum of the finite-dimensional component of 

the solution. In the examples (Section [3]) these restrictions imply simple final dynamics of the finite- 
dimensional subsystem. 

In Section [3] we consider a one-dimensional oscillator. In the nonlinear case we present some natural 
sufficient conditions for the thermostat such that the oscillator tends to equilibrium positions as t ^ ±oo. 
If the oscillator is Hnear, some kind of synchronization can happen and the final dynamics of the system 
can be a harmonic oscillation with some "eigenfrequency". In both cases a part of the total energy 
"dissolves" in the thermostat, i.e., it is concentrated in a component of the thermostat motion which 
weakly tends to zero. 

Now we turn to more technical part. Consider the Lagrangian system 

-—^-—^=0, Co = Co(x,x), xgM. 1.1 
at ox ox 

Here M is a smooth m-dimensional manifold, x = {xi, . . . , Xm) are local coordinates, and the Lagrangian 
Co equals the difference of the kinetic and potential energy 

£o{x,x) = ^{A{x)x,x) ~ Vo{x). 
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The square m x m-matrix A is assumed to be positive definite. Hence, it determines a Riemannian metric 
on M. Then the product {A{x)x,x) is the square of the Riemannian length of the velocity vector x. Such 
Lagrangian systems are usually called natural. 

Consider another system, called a thermostat. This is an infinite-dimensional linear Lagrangian system 
with Lagrangian 

>Ct(C,0 = j ^-^{i\y,t)-u^e{^.t))dv. (L2) 

(For brevity we use the notation / for ■) One can regard it as a continual collection of independent 
harmonic oscillators, parameterized by the internal frequency of oscillations u. Physical meaning of p{iy) 
is the density of oscillators with the frequency u. Equations of motion of the isolated thermostat are 

Now suppose that these two systems interact and the interaction potential is linear in ^ : 

"^int = -/(^) J 

where / : M — > R is a smooth function. In other words we consider the system with Lagrangian 
Co + — ^int- '^^^ equations of motion are as follows: 

^ = in (1.3) 



dt dx dx dx 

p{i + ^H) = «/(a^)- (1.4) 

We take initial values in the form 

a;|t=o=a;o, ^|t=o = Co(i^), x\t=o = xq, i\t=o^io{v)- (1.5) 

The total energy is 

E{x,^,x,i)^\{Ax,x) + ]^ J pi^d:^ + Vo + ^J pi^^ ^ d:^ + V^nt- (1-6) 

The paper is organized as follows. Section [2] starts from formulation of our assumptions on the 
functions ^o,£_o, p, k, A,Vq, and /. A part of these assumptions is responsible for regularity of these 
functions. Another part ensures positive definiteness of the energy E. We need this positive definiteness 
to prove Theorem [1] on the existence of a solution to system l|1.3p . l|1.4p . (|1.5p . 

We consider the space Cb of bounded uniformly continuous functions on a line and the space Cb of 
distributions, obtained as Fourier transforms of functions from Cb- The subspace Co C Cb consists of the 
functions, vanishing at infinity. For any distribution ip & Cb we define its singular support singsuppTA C M 
as follows. We say that A S singsuppV^ if there exists a regular (for example, smooth) function h with 
suppft. in an arbitrarily small neighborhood of A such that Fourier transform of hip does not lie in Co. 

Except Theorem[T]Section[2]contains formulation of Theorem[2l an important technical tool. Assertion 

(1) of Theorem [2] means that the Fourier transform of the function ■(/)(t) = f{x{t)) € Cb is regular on the 
"essential spectrum" a of the thermostat. Here tr C M is the set of essential frequencies of oscillators in the 
thermostat. The physical meaning of a is as follows. Oscillators from the thermostat with frequencies 
outside of a do not infiuence the finite-dimensional part of the system and therefore, can be ignored. 
Formally, a = {v : d{u) 7^ 0}, d = k,/ ^/p- Regularity oi'p ona means that sing supp^/; Oct = 0. Assertion 

(2) of Theorem [2] can be regarded as a relation between the singular part of and the singular part of 
the Fourier transform of / k{v)^{v, t) dv. The last integral is taken from the right-hand side of ((Oil- 
Section [3] contains applications of our technical observations to the case of one-dimensional oscillator. 

First we show that the well-known Klein-Gordon equation generates a thermostat, i.e., it is equivalent 
to an infinite-dimensional Lagrangian system with Lagrangian l|1.2p . We define thermostats used in this 
section as the ones, satisfying Hypothesis T. Conditions, presented in it are motivated by the properties 
of the Klein-Gordon thermostat. 
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Then we specify the finite-dimensional part of the system, by considering a one-dimensional oscillator 
with Co = — Vo{x) with some smooth potential Vq. We take f{x) = x and distinguish two cases: 
linear (Vo — vx"^ /2) and nonlinear (Vg is arbitrary). 

In the linear case we show that, when t ±00, depending on parameters of the system the oscillator 
tends to the equihbrium position (Theorem [3]) or to some harmonic motion with an eigenfrequency Aq 
(Theorem 11]) . The last situation can be regarded as some kind of synchronization in the total system. In 
the nonhnear case we have to assume that the spectrum a is very large (ct = M \ {0}). Then we obtain 
that the oscillator tends to some equilibrium positions which can be different for t +00 and t ^ — 00, 
and belong to the set of critical points of the effective potential Vb(x) — ^Kx^, K = J dv. 

In Section [4] we obtain some a priori estimates which follow from the energy preservation and prove 
Theorem[TJ In Section[5]we show that preservation of the energy implies that the L2-norm of the functions 
dijjt is uniformly bounded (Corollarv 15. ip . Here ipt{T) is the Fourier transform of ■0(T)x(o,t) ('''), where 
X(o,t) is the characteristic function of the interval (0,i). This statement is crucial in the proof of assertion 
(1) of Theorem [2] (Section [Tj) . Assertion (2) of Theorem [2] is proven in Section [6l Section [8] contains a 
self-contained theory of the spaces Cb,Co and others together with their Fourier transforms. 

2 Technical theorems 

Below the functions ^OiCo; P, A, Vq, and / satisfy hypotheses H1-H5. 

HI. The functions A, Vq, / are smooth, A is positive definite, p is non-negative, and suppK C suppp. 



Below we extend the function k/ ^fp to K. \ supp p as zero. 



H2. The integrals I — dv and K := / — 7^ dv are finite. 

J P J pi" 

H3. The effective potential 

V{x)^Vo{x)-Kp{x)/2 

is hounded from below (without loss of generality V > 0). Moreover, either f is bounded or V 
I/I 00. The sets Me = {x ^ M : V < E} are compact. 



In particular, by (|1.6p 

+ i Jpi^dv + V + ^J pv^(^^-^ydv, (2.1) 

where all four terms in the right-hand side are non-negative. 
H4. Jp{ii + ,,^eo)dv<^. 

Remark 2.1 Assumptions H2 and H4 imply that i?(xo, Co, ioi Co) < co. Indeed, by 111.6]} it is sufficient 
to check that J k^q dv < 00. This inequality follows from the estimate ( / k^q dv^ 1^ K J pv^Q dv. 

Theorem 1 Suppose that conditions H1-H4 hold. Then there exists a solution x{t), ^{v,t) of equations 
(HE), 111.5]) . Moreover, E < 00 is constant and the 



m = /(^w), m = J pi'^) t) + i\v, t)) dv (2.2) 

are bounded. 

Proof of Theorem [T] is contained in Section [4l 

Let Ch be the space of uniformly continuous bounded functions M ^ C. It is a Banach space with the 
Loo-norm: H^Hoo = sup \ip\. Let M be the space of densities of finite Radon C-measures on R. The space 
M is conjugated to Cb and consists of distributions such that for any p e M p{T)dT is a finite Radon 
C-measure. Therefore is a Banach space with respect to the norm 



\\p\\m= sup p{lp), pif) = I (piT)p{T)dT, ipeCb,peM. 

ll¥'l|oo=l 
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The space M. obviously contains Li = Li{R). 
Let be the Fourier transform: 

J^i^P) = V3(A) = J e-'^^^Pir) dr, = V(t) = e'^^^iX) dX. 

Recall the standard formulas for the convolution 

Below we usually denote functions (or distributions) on the time axis by h,ip,tf;,. . . and their Fourier 
transforms by /i, -0, . . . Analogously, a hat over a notation of a function space denotes its Fourier dual 
space. 

Let C Cb denote the space of functions which tend to zero at +00 and Cq C Cb the space of 
functions which tend to zero at —00. We have the spaces of distributions Cb = T{Cb) and — T{Cq ). 
We put Co = n C(7 and Co = -^(Co)- 

We define M = J-{M). It is easy to show that Ai C Cb, [Tj. By the Riemann-Lebesgue theorem 
^(Li) cCo. 

We put 

aM = ^==, w{v)^—^. 2.3 

H5. The functions a and a! ~ da/dv belong to the space M and a(0) = w{0) = 0. 

Note that by Lemma [831 w = T^^{w) G Li. 

We also define the "essential spectrum" of the thermostat 

a ^{s: a{s) ^ 0} = {s : w{s) ^ 0}. 

The motion of the thermostat outside the essential spectrum C\VL\a is immaterial for the finite-dimensional 
part of the system because the coupling term in l|1.3p . f| / dv, is independent of ^|h\o-. 
By H5 a is continuous. Therefore the set a is open and its closure a — suppa = suppii. 

Let (p e Cf,, A e M. We say that A ^ sing supp^ (1^) iff there exists an interval I 3 X such that for 
any jl £ A4, supp/i C / we have: fup S Cq . Analogously we define sing supp~ ((^) and singsupp(i^) = 
sing supp"*" {(fi) U sing supp~ (if) . 

Hence, sing supp* ((^) and singsupp((^) are closed subsets of R. 



We put 



± f ±iwir)-wi-r))/2 if ± r > 0, 

Wo[r)-<. Q if ± T < 0. ^^■^> 



A standard computation shows tha10 



, 1/^. N N\ 1 f Xw(X)dX 

z«±(z.)=±-(u,(^)-^(-^)) + — v.p.y . (2.5) 

Proposition 2.1 Suppose that a and w satisfy H5. Then 

(a) :=.F-i(u;±) S Li, 

(b ) Im li^ are odd and Re wf are even, 

(c) wf{Q) = —2^7 / ■^^^A^ ~ ^ ' constant, defined in H2, 

(d) wf are -smooth. 

Proof. By H5 and Lemma [831 w G Li. Therefore by (|2.4p wf also lie in Li. 

Assertions (b) and (c) are obvious while (d) follows from H5. ■ 



see some details in Section [6l 
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Theorem 2 Suppose that conditions H1-H5 hold. Then the functions ^(t) — f{x{t)) and ip{t) = 
J k{v) ^{ly, t) dv are hounded and their Fourier transforms V' = ^i^), V = ^iv) such that 

(1) dip G L2, wip G Li, and singsupp-;/' H a — 9, 

(2) (p = w^ip + = w^ip + for some € Cj- 

We prove Theorem [2] in Sections [BHZl 
Remark 2.2 By (Tj^ 

d^dCo _ dCo ^ df_ 

dt dx dx dx ^' 

Some explanations. Physical meaning of assertion (1) from Theorem [2] is a regularity of ip on a. 
This follows essentially from the fact that if singsupp-;/' n cr 0, a resonance appears in the equation 

Existence of such a resonance would contradict to the assumption that the energy is bounded. 

Assertion (2) + Remark 1 give a possibility to write down an approximate (modC^) equation of 
motion for the oscillator. Studying of a final dynamics of the oscillator is based on the analysis of this 
equation. 

3 Examples 

3.1 Klein-Gordon thermostat 

The 1-dimensional Klein-Gordon equation has the form uu — Uqq — m^u, ttlq > 0. If the constant toq 
vanish, the Klein-Gordon equation coincides with the 1-dimensional wave equation (a string). Passing 
to the Fourier transform C(s,t) = / e~^'^'^u{q,t) dq, we obtain the equation ^ = — (s^ -I- "t-o)^- The 
corresponding Lagrangian is £t = 5 / Po(s)(C^ — (s^ + "Iq)^^) ds with an arbitrary function po- Putting 
1/2 = us> 0, we obtain: 



Ct = - 



I ^2. .-2 1^1 — "^0- 



-mf.i' 



Below this system is called a Klein-Gordon thermostat. We have the following obvious 

Proposition 3.1 Suppose that in a Klein-Gordon thermostat pa{s) is -smooth and positive for s ^ 0, 
lims_,o s/po(s) < 00, K is C^-smooth, positive, an(isuppK = R\ (—too, mo). Then 

(a) p is continuous and positive for > too; 

(b) the functions a and w (see 112.3]) } vanish for \v\ < toq, positive for > mo, and -smooth. 

(c) the set a is 

a ^ {v eR:\v\> mo}. (3.1) 

(d) the functions (see ^2.5\) ). restricted to the interval [—7710, toq], equal 

^t{^)=j^^d\ \v\<mo, 

i.e., they are real, even, and increasing for Q <v < mo. 

Below we consider a thermostat, satisfying the following hypothesis, motivated by Proposition 13.11 

T. (a) d{v) vanishes for \v\ < vq and positive for > vo, 

(b) (T = {i^ e M : \v\ > vo], 

(c) w^lf-i/o-i/o] ^'^^ equal to each other, real, even and increasing on [0, 1'o]. 
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3.2 One-dimensional oscillator 

Consider the system ifOll . (fOI . (fTS]) where 

xeR, A = l, f = x. 
Then ip{t) — x{t) and equation l|2.6p takes the form 

i/; + yJ(^) = ^, ip^w+il> + i)+ ^w-tp + d-, i5±eCo±. (3.2) 

In the next two sections we consider the dynamics in the system oscillator + thermostat in two cases. 

(A) Vo = vx'^/2, v>0. 

(B) z/o = 0. 

3.3 Case A (linear) 

Suppose that Vq — vx'^/2, i; > 0. By H3 we have to assume that v ~ K > 0. We define 

Note that by T restricted to R \ it = [— I'o, t'o], are real, even, and decreasing for ^ < v < vq. We 
have: $'''(0) = v — K > ^. The Fourier transform of p.2p yields 

|.±V; = i?±, z9±eC^. (3.3) 

Remark 3.1 By Theorem\M md Lemma lST^ equation ^3.3\) implies that sing supp* (t/") C = 0} \ ct. 

Theorem 3 Suppose that a linear one- dimensional oscillator interacts with a thermostat, satisfying T, 
conditions H1-H5 hold, and wf{i'Q) < v. Then G Cq. 

Proof. We have: $*(0) > and ^^{vq) > 0. Hence by monotonicity and evenness ^ on 
[-i/Q, i^o] = R \ c^- By Remark [Q sing supp^ (i) = 0. Now V' € Co by Corollary [Q ■ 

Theorem [3] means that, if wfli^o) < v on M \ cr, a Hnear one-dimensional oscillator transmits all its 
energy to a thermostat when t — > ±oo. 

Theorem 4 Suppose that a linear one- dimensional oscillator interacts with a thermostat, satisfying T, 
conditions H1-H5 hold, and wf{i'Q) > v. Then for some a G C 

V;(t) = ae'^°' + Se"*^°* + i?(i), € Cq. (3.4) 



In other words, equation l|3.4p impHes that the final motion of the oscillator is reduced to harmonic 
oscillations with the frequency Aq. 

Proof. Putting rj = ^/pS,, we present equations (|1.3p . l|1.4p . l|1.5p in the form 

X — —vx + J arjdv^ i) — —v^rj + ax, (3-5) 
x\t=o = xq, ■q\t=o = miiy), x\t=o = xo, r)\t=o = m{v). (3.6) 

Consider the Hilbert space Ti, with elements C — {x, rj) and scalar product (Ci, C2) = X1X2 + / ^1^2 dv. 
Then system p.Sp can be written as 



C^-AC, Clt=o = Co, C|t=o = Co, (3.7) 
where A is the self-adjoint unbounded operator 

Q = {x, rj) AC = {vx — arj dv, —ax + v^rj^ ■ 
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Inequality v ~ K > implies that A is positive definite. Indeed: 

,C.A)=/(.,-^.)^. + („-A-).'>0 f„,.a„yC^O. 
The solution of SSJil is 



m = ^e'^*C+ + ^e^'^*C-, C± = Co T ^A-'/^Co■ (3.8) 

By the spectral theorem [6] we have: A = sdEg, where {Eg} is the corresponding spectral family. 
Since 6=*=*"^* = 6=*=*^* d£'s, we present (|3^ in the form 

CW--y^ e^^^'dE,C+ + -j^ e-^^^'dE,C- (3.9) 
Direct computation shows that Ag G [0, 1'o) is an eigenvalue of A: A(xo = '^oCaq for some C.Xo 7^ if! 



(Recall that by Hypothesis T(c) on [—vq, vq] we have: — $^). By T(a) continuous spectrum of A is 
[vq,co). Hence the eigenvalue Ag is an isolated point of spec (^). 

We put 1 = (1,0) G H. Consider the change of the variable A — in the first integral i|3.9p and 
A = — -^/s in the second one. Then the x-component of solution (|3.9p is 

where Q satisfies the equation 

,VXWX- / A-id(l,i?A<+), if A>0, 
a;(A)dA_| rf(l, £,.(-) if A < 0. 

The distribution Cj is well-defined because ^ spec^. Moreover, w £Cb because by Theorem[T]-!/'(t) = x{t) 
is bounded. 

Since Aq is an isolated point of spec(y^), in a small neighborhood of the point A = Ao the distribution 
a)(A) equals a5{X — Aq), a € C. Analogously a)(A) = /3(5(A + Aq) near — Aq. Since x is real, (3 = a. 
Therefore 

xit) = i){t) = ae*-^°* + ae-'^°* + j e*^*6Do(A) d\ 

where = '^(A) — a+6{\ — Aq) — a_(5(A + Ao) vanishes in a neighborhood of the points ±Ao. 

Now recall that by Remark l3. II for any A g singsupp* ■0 we have: A = Ao or A = — Aq. This implies 
that singsupp*(L2;o) = 0. Applying Corollarv 18.31 'we finish the proof. ■ 

3.4 Case B (nonlinear) 

Now consider the case t'o = i.e., cr = M \ {0}. 

Theorem 5 Suppose that a one- dimensional (in general, nonlinear) oscillator interacts with a thermo- 
stat, satisfying T, conditions H1-H5 hold, and vq = 0. Then there exist limits limt_>±oo V'(^) = ^±1 
where x± are critical points of Vo{x) — ^Kx^. 

Proof Since — 0, by assertion (1) of Theorem [2] sing supp^('0) contains at most one point: A = 0. 
By Lemma IsTtI for any ★ G {+, — } we have: ip = ^l)Q + ipi, where supp-^i lies in a small neighborhood 
of 0, 

ro&c*, ri&Cb, ri&c°°, r.^-^ri&c*. 
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Since supp-^^ is compact, we also have: ipi — T ^{—X'^ipi) G Cg. By Proposition 12.11 assertion (d), li^ 
is C^-sniooth at zero. Therefore w*il:* — 'w*{0)i^l mod Cg. This impUes 

Recall that (0) = (0) = K. Then takes the form 

Therefore for large \t\, sgni = the function tpi{t) can take values only in an arbitrarily small neighbor- 
hood of the set Cr := {x : Vq{x) — Kx = 0}. This implies the existence of the limits 



lim -0, {t) — lim '4>{t) — X- and lim iptit) — lim ■ip{t) = x^, 

t — * — oo t — > — OO t — >-t-C30 t — *-|-oo 



where x± G Cr. 



4 Proof of Theorem [T] 

The plan of the proof is standard: a combination of a local existence theorem with the energy estimate 
(|2.ip . Recall that by Remark [2TT] -E(a;n. fn. xn. in) < oo. 



4.1 A priori estimates 

Proposition 4.1 If E is finite, tp{t) := f{x{t)) is bounded: < ci — ci{E). 

Indeed, by H3 if / is unbounded, V is also unbounded. Then by l|2.ip E = +00. 



Proposition 4.2 If E is finite, | J dv\ < C2 — C2{E). 
Indeed, by the Cauchy-Bunyakovsky inequality 

( J K^dl^y ^(^ J -^^py^dv^ <K J pv^edv. 

By H2 /iT < 00 while by {H]) 

j pv^i'^ dv <2{e + f{x) j K^di^y 
Therefore { Jk^ dv) ^ < 2K (_E + ■0 / dv) which is equivalent to 

(^j K^dv- XV) ^ < 'iKE + XV^- 

By Proposition 14.11 ^ is bounded. Hence / dv is also bounded. 

Proposition 4.3 If E is finite, then E, defined in ^2.2]) . satisfies £ < C3 — c^{E). 

Indeed, by l|2.ip £ - f J n^dv + ^Kf"^ < E. It remains to use Propositions 14.11 and [4!2l 
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4.2 Local existence theorem 



By l|2.ip we have: V < E. By H3 this implies that x lies in a compact set Me C M . It is possible 
to cover Me by a finite number of coordinate charts. Hence while proving a local existence theorem for 
solution with energy E for the system (|1.3p - (|1.4p . we can assume that x e B C K™, where 

B = e M" : {x,x) < 1} 

is the unit ball with the center at zero. Moreover, we can assume that the parts of the charts, satisfying 
the inequality {x,x) < 1/2, also cover Me, and 

A^^(x), fix), — — , -7r~i 'TT^^ 3 ~ ^, ■ ■ ■ ifTT- are uniformly bounded and uniformly Lipschitz. 

oxj oxj oxj 

Putting 

^± ^eT^'^'l^izK), P = Ax, 
we represent system (|1.3p - (|1.4p in the form 

1 ^ r (4-1) 

p = -{Gp,p) -V^ + f J ^ (e-*e+ - e-*^*^-) du, 

where G{x) = A~^{x)A'{x)A~^{x), ^+ = and primes stand for d/dx. 

This system is defined in an open set U in the Hilbert space H with elements z = (^+, ^„ , a;,p), where 
x,p G and £,+ — The scalar product is 

{z,z)^{A-'p,p) + {x,x) + ^ J p(ie+p + ie_ndj.. 

We will also use the corresponding norm ||z|p :— {z,z). 
Note that 

]^{z,z)-E={x,x)-V + ! J K^di^-K,f/2. (4.2) 

The terms -V and -Kp/2 are non-positive, and by Propositions l4. 1114.21 // K^^dv is bounded. Therefore 
for X £ B l|4.2p implies that (z, z) is bounded. In other words, we can assume that U C 7i is a bounded 
set. 

The system l|4.ip has the form z = A(z). 

Proposition 4.4 The map A : U ^ H is Lipschitz. 

Proof. Take any two points zi = (^i+, xi,pi) and Z2 = (^2+, 2^2,^2) from U. 

We want to prove that || A(zi) — A(z2)|| <C||zi — Z2||- We have: |j A(zi) — A(z2)|| < X]q=i Aq, where 

A2 = {A-\p,-p2),A-\p,-p2)), 

Al = 3(A-i(Qi-02),0i-Q2), Qj^^{Gix,)p„Pj), 
Aj = 3{A-\V^{x^)~Vi{x2)),Vi{x^)-V^{x2)), 

Al i{A-\P^ - P2),P, - P2), P, = fix,) J ^ {e^-%+ - e— d,y. 

Since / is Lipschitz, \ f{xi) — ,f{x2)\ < const \xi — X2\. Therefore by H2 for some c, ci > 



k2 



< c / —diy\\zi- Z2f < ci \\zi - Z2f 
P 
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Since A ^ is uniformly bounded then A2 < C2\\zi ~ Z2\\'^ . 
Analogously we have: 



< callzi - Al < ci\\zi - Z2f. 



Here are some more details concerning A5: 

Al<c\\z,-Z2r[J ^Vp|e+|d^)'+csup|/'(a;)p(y' ^ 7^]^+ - ^2+1 d^)' < C5 ||zi - • 



By proposition 14.41 we can use the theorem on local existence of a solution for a system of ordinary 
differential equations f7]. Hence for any initial condition with x-component in the ball {{x,x) < 1/2} we 
have a solution on the time interval [—to, to] such that its a;-component does not leave the ball {{x, x) < 1}. 
Here to > can be chosen the same for all on the charts. Since the energy preserves, we can continue 
the solution to all the time axis. 

5 Spectrum of i/j{t) 

For any measurable set Af C M let xm be its characteristic function. If M is an interval (61, 62) C M, we 
take into account its orientation: 

{1 if bi <t < 62, 
-1 if 62 < i < h, 
if {bi-t){t-b2) < 0. 

Let {x{t),£^{i',t)) be a finite energy solution of (|1.3p . (|1.4p . l|1.5p . For any real t we put 

^t = X[o,t]^, Mr)=f{x{T)), rPt=Ti^t)- (5.1) 
Then 'ipt is an entire analytic function. Since ipt is real, we have: 

M^)=^,{-X). (5.2) 

Now we consider equation (|1.4p as if the function 'ip{t) were known. By (|1.5p and (|5.ip we get: ^{v, t) — 
ii{v,t) + £,2{i^,t), where 

^2(1^, t) := £_o{'^)cosi^t+ - ioM sin i^t ^ Re (-^(^.e'"^), := w£,o + io, 



^^{y,t) = — / %\nv{t~T)^{T)dT ^ / (e*'^*-*''^ - 6"*'^*+*'^^) V(r) dr, 

pv Jo 2ipz^ Jo 

= 7^ (e"''M'y) - e— *^t(-z.)) = Re (—M'^) e^*) . (5.3) 

Let II • ||l2 be the L2-norm: \\g\\1^ = J \g{i^)\'^ dv for any 5 : M ^ C. 
Lemma 5.1 The function £(t) — £{^{h',t), ^{vjt)) , defined in 112. 2\} . satisfies the equation 

£{t) - Wdi^t + Vp^,\\1,- 

Proof. By direct computation we obtain: £ — £22 + £21 + £11, where 
£22{t) := j p{y^e2+il)dv^£{Q) = \\^p£,,\\l., 

£2i{t) := j p{v'^i2ii+i2ii)dv ^ j axjjt ^/pS,, dv + j dipt dv, 

Suit) ■■= [ p{v'ei+il)dv=\\dil;t\\l^. 



By Proposition 14.31 £(t) < C3{E). Therefore we have the following 
Corollary 5.1 < c^{E) and \\di^t\\l^ < ^csiE). 
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6 Spectrum of J du 

We put 

At{t)= I ljj{t-T)w{T)dT, A-{t)=- f ^{t-T)w{T)dT. (6.1) 

Lemma 6.1 7 € Li. 

Lemma 6.2 \mit^+oo {t) ~ Yivat^^^ {t) — 0. 

Proofs of Lemmas I6.1H6.2I are contained in Section [71 
Proposition 6.1 Lei 7 = .7-"" ^(7). Then 

= T-^{w^i^)+Re{-i{t)+A^{t)). (6.2) 

Corollary 6.1 Assertion (2) of Theorem\M holds: 

Proof of Proposition \6.1\ First note that 

j <2 dv = ^Re j e*^*7(A) d\ = Re7(t). 



n^idu ^ReA{t), A{t):=^ I e^''^w{u)^t{v) dv = T-^{w ^t){t) ^ [i^t * w){t). 



By ([O 



27r „ 

By H5 and Lemma [831 w G ii. Therefore .4(t) = .4^ (t) — y^J(t), where are defined by (|6.ip and 

(0 = y" V^i - t)X[o,±oo)(t) w(-r)dT =(■(/;* (x[o,±oo)W')) W- 
The function i/) is real while w is purely imaginary. Therefore w{t) = —w{—t), t S M. Hence 
^eAi = ^-0 * (X[o,±oo) ('r)w(r) - X[o,±oo)(t)w(-t)) = J^"^('u;^V)), 

where we put 

wf = ^•^(x[o,±oo) (w(t) - w(-t))) = ^ (x[o,±oo) * (w(A) - w{-\))y (6.3) 
By using an explicit form for the distributions X[o,±oo) [S]: 

X[o,±oo)(A) = ±7r(5(A) + - v.p-Y, 

l A 

we obtain l|2.5p . ■ 

Remark 6.1 By the first equation i6.3\) if w lies in Li then also lie in Li. Since w{X) ~ w{—X) is 
odd and purely imaginary, by 112. 5]) Im are odd and Re lif are even. 
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7 Three proofs 

Proof of Lemma l6.ll Corollary 15.11 and Hypothesis H2 imply the inclusion 

^p^„n/{^pv)EL2. (7.1) 

Thus k£^,/v E Li. u 
Proof of Theorem [2], assertion (1) 

1. The family of distributions aV't G Cb tends as t ^ +oo to 

atp+ := aT(x[o,+oo]i') e Cb- 

Indeed, by H5 a = J-^^{d) £ M. Therefore for any (p ~ T{if) G TW we have: a * ^ G M.. This implies 
that 

{aipt,0) = 271 [J^^'^ {dipt), (f) = 271 J {a* ^/jt)'(pdT ^ 27r J ipt {a*'(p)dT. 
By Lemma ISTTl when t +oo this tends to 27r J ip+ {a* Tp) dr = {dip+,(p). 



2. By Corollarv lS. li the L2 norm of dij:^ as a functional on A4 (1 L2 C L2 does not exceed ^2c3{E). 
Since MnL2 is dense in L2, by the Hahn-Banach theorem d'iip+ can be uniquely extended to a continuous 
functional on L2 with the same norm. We denote this functional again by d'ip+. By the Riesz theorem 
dip+ can be identified with some element of L2 . 

3. Analogously we have: dip- G L2, where ip- ~ J^{x(-oo.o]4')- Since "0 = ''/'++V-'-) we have: dip G L2. 

By Il7.ip = — e L2. Therefore wip — • dip G Li. In particular, T^^lwip) G Co. 

y'pr^ z/ iv 

4. Take any A G cr. By assertion (a) of Lemma \KM there exists an interval / C <t, A G / such that for 
any fi G M with supp/i C / we have: /i = gw, where g G TU. Then 

J^^^{fiip) — J^^^{gwip) ~ g * J^^^iwtp). 

Since g £ Ai and J-~^{wip) G Co, by Lemma [831 q * J-^^{wip) G Co. Hence A ^ singsupp'0. ■ 

Proof of Lemma [mi We have: |^o = I'P * (X[t,±oo)w)(<)| < ||X[t,±oo)U'||A^ ll'0l|oo. By Corollary 
[SAllimt^ioo ||X[t,±oo)«^||A^ =0. ■ 



8 The spaces C5, Cq , M. and their Fourier images 
8.1 Definitions 

1. (a) Let Cb be the space of uniformly continuous bounded functions M ^ C. It is a Banach space with 
respect to the Loo-norm: 

||<y5|loo = sup \ip\, (p G Cb- 

Moreover, Cb is an associative commutative Banach algebra: for any ip,ip £ Cb we have: ipip G Cb and 

ll'^^lloo < W^Woo llV'lloo. 

(b) Let Cq C Cb be the space of functions vanishing at +00 and Cq C Cb the space of functions 
vanishing at —00. Then Cq are closed vector subspaces and moreover, ideals in (Cf,, •), i.e., C^ • Cf, C C^. 

We define Cq ^ C^ Ci C^ . It is also a closed ideal in Cf,. 

(c) Let M be the space of densities of finite Radon C-measures on R. These densities are distributions 
on E, so for any p G A4 the corresponding measure is /i(r) dr. The space M is conjugated to Cb. Therefore 
it is a Banach space with respect to the norm 

= sup p,{ip), Ai(V') = / (Pf^dr, ipeCb,p.eM. 

Obviously, Li C 7W. 
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Recall that is a convolution Banach algebra: * ^2||x < IImiIIm IIm2||x- Any 1.1 E M admits 
an expansion 

^ — fxi ~ fi2 + ifJ-s ~ ^^J■4:, where ^1,^2, ^3, /i4 G are non-negative, (8-1) 
see for example, [T]. 

(d) We also define the convolution of fi e M and ip eCb. Consider the linear isometric operator 

St-.Cb-^Cb, {st(p){T) ^ (p{t ~ t). 
Then {p * f){t) — fi{st(p). By Lemma [8?2l we have: M * Cb C Cb, M * Cq C Cq and moreover, 

\\^J■ * fWoo < \\i-A\m WfWoo- 

2. (a) We put Cb = J-{Cb). Elements of the space Cb are distributions. In particular, C-b contains 5- 
function. The equation T~^[^ * ^) = 2iTip'4) implies that (Cb,*) is an associative commutative algebra: 
for any 0,1/^ G Cb we have: (p * ijj Q Cb. 

(b) Moreover, Cq = J^{Cq), Cq ~ J-{Cq), and Cq ~ ^{Cq) are ideals in (Cb, *). 

(c) We also put M — T{M). It is easy to show that M <z Cb, however yV4 7^ Cb, [T]. By the 
Riemann-Lebesgue theorem the Fourier image of £1 C lies in Co. 

By 1(c) for any fii,fi2 € Al we have: /ii/i2 € Al. 

(d) By 1(d) we have: M ■ Cb C Cb, M ■ C^ c C^, M ■ Cq c Cq , and Al • Co C Co. 

3. (a) Let 1^ e Cb, A e M. We say that A ^ singsupp^((^) iff there exists an interval / 9 A such that for 
any fi £ A4 with supp /i C / we have: fi(p G Cq . 

(b) Equivalently, for any (p G Cb we say that A G singsupp^((^) iff for any interval / 9 A there is a 
function fi £ M such that supp fi C I and (lip £ Cb\CQ . 

Analogously we define singsupp^((p) and singsupp((p). The sets singsupp^((y3), singsupp^(<y9), and 
singsupp((^) — singsupp^((^) U sing supp^ ((p) are obviously closed. 

8.2 Lemmas on Ch, C^, M. and their Fourier images 

We start from some notation. Consider the functions 

h,{T) = I ^ "J^l ![ j^j I I; hu{T) = hQ{k - r), k£ z. 

Obviously, hk £ Cq form a partition of unity: X^fcgz = ^■ 
For any K £N we put 

\k\<K \k\>K 

Lemma 8.1 Let ^ £ M. Then for any e > there exists N > such that for any ip £ Cb such that 
supp ip n [~N, N] = we have: \fi{p)\ < e \\p\\oo- 

Proof. By using the expansion (|8.ip . it is sufficient to assume that ^ is non-negative. Then 

IIa^IIai = m(i) ^Y^^{hk)■ 

fcGZ 

This series converges. Therefore for any e > there exists if S N such that Ai(h^) < e. For any p £ Cb 
such that supp p n [—K — 2, K + 2] — % we have: 

Hp)\ = |Ai(h> p)\ < \fiih> )\ < e WpWoo. 
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Corollary 8.1 For any e M we have: limt^+oo IIX[t,+oo) mIIm = limt^_oo IIX(-oo,t] mIItw = 0. 
Indeed, since /i can be assumed to be non-negative, 



IIX[t,+co)Ml|A1 = (X[t,+oo)M)(l) < M(^), X! ^' 



+00 
k=\t]-l 



Now it is sufficient to note that supp(/i) n {—t + 2,t — 2) = 0, \\h\\oc = 1- Then by Lemma l8.ll 

hmt^+00 ||X[t,+oo) f^\\M = 0. 

The second Hmit can be considered analogously. ■ 

Lemma 8.2 For any Ct and /i G Al we have: 11* ip ^ Cb and * ip\\oo < II/^IIa^ II'pIIoo. 
Moreover, if ip ^ Cq, ★ G {+, — }, then ^* ip E Cq . 

Proof. The function /j, * is bounded because 

Km * = |M(st<^| < IImIIai II'^IIoo- 

Since is uniformly continuous, for any e > there exists an a > such that for any t we have: 
\st+a'P - stv?! < £■ Then 

|(^ * p){t + a) - * <y9)(t)| = \ii{st+aP - stip\ < \\ii\\m £■ 

This implies uniform continuity oi ip* h. 

Now suppose that ip ^ Cq . Take an arbitrary e > 0. By Lemma WA\ there exists iV > 1 such that 

|/i(V')| < ellV'lloo for any V e Cb such that suppi/'H (-A^- l,iV+ 1) = 0. (8.2) 

If necessary we take a larger N such that 

\p>{t)\ < e for any t > N. (8.3) 

We have: (/i * ^){t) = /i(st(^) = /i(h^ St^p) + /i(h^ St(p). We estimate the last two terms separately. 
For t>2N hy ((83)) ||h^StV3||oo < e. Therefore \n(h.^Sttp)\ < £||mIIa^- 

On the other hand supp(h^ S(iy9)n(— A^— 1,A^+1) = 0. Hence, |/i(h^ ^t'p)] < £||h^ Stp\\oo <£||¥'|!oo- 

Combining these two estimates, we have: |(^ * ^ £(IImI1ai + l!<p|!oo). 

The case ip ^Cq is analogous. ■ 

Corollary 8.2 For any ip G Cb, ipa G Cq, * G {+, — }, and /i G Al we have: flip G Cf, and fiipo G Cq. 
Lemma 8.3 Let (5 £M, /3(0) = 1, and let j3r{X) = l3{r\). Then for any ip e Cb 

\im\\T-\Pr^)-ip\\^^0. 

Proof. First note that 

I3r{(p) = f3{(pr) for any ip G Cb, where iprir) = ip{rT). 
Take any e > 0. There exists 6 > such that 

\ip{t - t) - ip{t)\ < e for any t G M and |r| < 5. (8.4) 
By Lemma ISTTl we can choose tq > such that 

\l3{ip)\ < e\\ip\\oo for any ip e Cb with supp((p) n [2 - b/ro, -2 + 5/ro] = 0- (8.5) 
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Below we assume that < r < tq. Choosing an integer K e [—2 + b/r, —1 + b/r], we obtain 

{f3r * (p){t) = (3r{St(p) = f3{St/r(Pr) = fit) (3{h^) + f]{h^{St/r(Pr - + /3(h^ St/rfr)- 

We have the following estimates. 
(1) Since = 1, and 

supp{h> ) n [-2 -b/r,2 + b/r] ^ ID, (8.6) 



the inequality (|8.5p implies that 

|/3(h<)-l| = |/3(h>)| <£||h>|U=e. 

(2) Since by 



\{st/r(pr)iT) - ip{t)\ < e for any |t| < b/r, 
the inequality K < b/ro — 1 implies ||h^(sj/r(^r ^ ¥'(0)||oo ^' have: 

l/^lh^Cst/rt^r - ^{t))) I < ||/3||m ||h< (s4/,,(^^ - (p{t))\\^ < E \\I3\\m- 
(3) Again by using l|8.6p . we obtain: 

|/3(h^St/r¥'r)| < ellV'lloo. 

Combining estimates (l)-(3), we obtain: |(/3r * 'f>){t) — '^(^)l < £ (2||<i5||oo + ||/3||ai)- ■ 

Lemma 8.4 Suppose that ft e ^A, A(A) 7^ 0, and I is a sufficiently small interval containing A. Then 
(a) for any fiQ ^ A4, supp/io d I we have flo — /i/ti for some jli ^ M., 
(h) for any ip £Cb, supp ip C I we have (p — fipi for some ipi E Cb- 

Proof. Without loss of generality we have: A 0. We assume that supp/io = [—a, a] C /. Below a 
will be chosen sufficiently small. We put (3 = X[-i,i] l^eiT) = I3{£t). As usual, (3^ = J^(/3j). Then 

Let ft. be a smooth function such that = 1 and supp(ft) C [—2, 2]. Then putting 

ha{\) = h{\/a), fe.a ^ ha/0e * p.), = ^^^/e^c), ^ {fl - h * jj) , 

we have: /i|supp(/io) = 1- Therefore 



If the interval / and e > are sufficiently small, (/?£ * /t)|/ is close to /i(0) ^ 0. Moreover, since (3^ 
and /la are smooth, f^^a is also smooth, and fe,a is fast decreasing. Since supp(/iq) is compact, fe,a is 
smooth. The following equations hold 

lim^llfellAi = and for any £> \im\\fi,,a\\M = \he\\\h\\M-, (8.7) 

E— > + 

where we put l/b^ — {Pe * A)(0)- We will prove them a few lines below. 

By i|8.7p we can choose £, a > so that H/e.allA^ ll.9el|A^ < 1/2. The estimate 



11^ ^(Ao/A)I1a1 < X! Il/^oll^ \\9A\m < °° 



k=0 



completes the proof of assertion (a). 
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Proof of assertion (b) is analogous: the final estimate is 

oo 



fe=0 



Finally we prove equations (|8.7p . The first one follows from Corollary 18.11 To prove the second one 
we note that ha = hah2a for any a > 0. Then 



fe.a=beha + Jha, J = h2a{j-^ 6e) ■ 

\ /1_ * // / 



Hence ||/e,a||Ai < II^e^qIIm + ||>^||Ai||'ia||Ai- Now it remains to note that ||/ia||Ai = II'iIIai for all positive 
a and lima^+o ll-^llwi = because the function l/(/3e * fi) — he vanishes at zero, is independent of a and 
smooth in a small neighborhood of zero. ■ 

Lemma 8.5 For any a <E Ai such that d' G A4 and a(0) = the Fourier transform of a?{X)/X lies in 
Li. 

Proof. We put a — !F^^{a/X). Then a = i * a, where 6* = i(x(o,+oo) — X(-oo,o))- Since a G A^, 6' * a is 
defined almost everywhere and bounded. Let us show that its Li-norm (or A^-norm, what is the same) 
is finite. Indeed, since a(0) = 0, for almost all s € M we have: 



a(T) dr 



+ 00 



a(T) dr. 



Then 



\0*a\\M 



ds 



2 / ds 

-oo 



+ 00 



a(T) dr ~ a{T) dr 



a(r) dr 



r+oc 

2 ds 
Jo 



H-C30 



a(T) dr 



< 



ds / \a{T)\dT + 2 / ds Hr)\dT 

-OO J —OO Jo J s 

2 j \t a{T)\ds = 2\\T-^{d')\\M <oo. 



We have: T""^ {a? j X) = a* a. Since the function a is bounded and a £ Ai then a* a is also a bounded 
function. The estimate 

||a*a||A^ < W^Wm \\a\\M < oo. 
completes the proof. ■ 



8.3 Lemmas on the singular support 

Lemma 8.6 Suppose that ip G Cb, — oo < a < 6 < +oo, and (a, b) C ]R\singsupp*(i^), ★ £ {+, — }. Then 
for any ft £ A4, where supp(/t) C [a, b], we have: flip G Cq. 

Proof. For definiteness we take ★ = +. First suppose that a and b are finite. Take an arbitrary e > 0. 
We can represent /t in the form A = /ti + /i2 + Asi where fij £ Ai, 

supp(Ai) C [a, 6], supp(A2) C (a,5), supp(A3) C [a, 6], and IImsIIai < ^e/||<^||oo, 

see Fig. [TJ 

Then T~'^{ftp) = (^i + /i2 + Ms) * </5- We have: K^ii + /is) * (p\ < {\\ij-i\\m + ||a*3||ai)|'^|oo < £ while 
IJ,2* '■P & Cq because supp A2 is compact and does not intersect with sing supp"*" (1^) . 
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Now suppose that a = -co and/or b = +00. Let 

PeM, m^l, supp(/3)c [-1,1], 

and let /?r(A) — /3(rA). Consider an arbitrary e > and fi ^ M with supp(/i) C [a,b]. Then by Lemma 
18.31 for sufficiently small r 

The set supp(/3r./i(^) C [—1/r, 1/r] n [a,b], is compact. Hence G Cq ■ Therefore for sufficiently large 

T > 

< \\j'-\Prfi^)-J'-'{fi^)\\^ + \0rfL^)ir)\<e. 
The case ★ = — is analogous. ■ 

Corollary 8.3 Suppose that ip £ Cb, * G {+,—}, and sing supp*((^) — 0. Then (p € Cq. Indeed, it is 
sufficient to take in Lemma WM jl = 1. 

Lemma 8.7 Let (p E Cb, * {+,—}, and sing supp*((^) consist of a finite number of points Xi < ... < Afc. 
Then = (po + '/'j; where supp ipj lie in small neighborhoods of Xj, 

(po€Co, ipj€Cb, (pjeC°°, - iAjJ<^j e Cq. 

Proof. It is sufficient to take ipj = fij(p, where fij £ M and for sufficiently small e > 

SUpp/ij C {Xj - 2e, Xj + 2e), Ail(A,-e,A,+e) = 1- 

Then supp(pj is compact. Therefore ipj G C°°. 

For any j = 1, . . . ,n sing supp* ((^j) = {Xj}. Let us put 

g+{X) = i(A- Aj)x[A,,+oo)(A), ^^(A) = iiX - Xj) X{-oo,\,]W- 
Obviously ff^Aj ^ Then 

i(A - AjO-^j = g^H'p + gjfijv, 

where by Lemma [F!6l af A j 'P ^ ^o- This implies that i(A — Xj)ipj e Cq. Hence 

J-i(z(A - AjO^Jj) = {d/dr ~ zAj>j e C*. 
Finally by Corollary 18. 31 (^n = (p — J2i ^^o- ■ 

Lemma 8.8 Suppose that sing supp* {(p) C (—00, a] and sing supp* (■)/') C (—00, 5], *e {+,—}. 
T/ien sing supp* ((^ C (—00, a + 6]. 
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Proof. For any £ > we have: (f = (p^ + ip+ and V' = V'- + where 

supp(^_ C (—00, a + 2e], supp?/'_ C (—00, b + 2e], supp<^+ C [a + e, +00), supp-0+ C [b + e, +00). 

Indeed, it is sufficient to take 

00 

h+ = ^hk, (p+ = h+{{T ~ a~ e)/e) (fi, ip+ ^ h+{{T ~ b - e)/e) ip- 

k=l 

Then ip * ip — ip^ * mod Cg, and supp((^- * "0-) C (—00, a + b + As]. m 

Lemma 8.9 Suppose that ip ^ Cb satisfies the equation ^ijj = i9, where ?? G Cq, ★ e { + , — }, and $ G A^. 
Then singsupp*('0) C {$ = 0}. 

Indeed, let <&(A) 7^ 0. Take a small interval I 3 X = and /Iq G M with supp/io C /. Then by 
assertion (b) of Lemma lO /tn/d G M. Then by Lemma lO/tn^/j = Ao^?/^ £ Cg. ■ 
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